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Abstract: A rigid body with a fixed point in an effective homogeneous magnetic field, which can be thought of
as a magnetic monopole, is studied in the framework of geometric quantization. It turns out that there are two
cases. The non-degenerate case, with SO(3) as configuration space, presents no obstruction to quantization,
but has two non-equivalent quantizations. The degenerate case, which reduces to the study of a single particle
in a constant magnetic field on S2, is quantizable if it satisfies the Dirac quantization condition. In the non-
degenerate case, using techniques from harmonic analysis, the Schro¨dinger equation for the two quantizations
is explicitly solved for a spherical top, and for a symmetric top, in the case that the direction defined by the
total magnetic term is along the symmetry axis. The same techniques plus Riemannian submersion theory
are applied in the degenerate case to solve the Schro¨dinger equation.
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1. Introduction
Rigid bodies have been used in quantum mechanics since its very beginnings to explain
rotational spectra of molecules, see [22, 8, 14]. Tops were also used in the study of nuclear spectra
[4, 5], and are currently used nowadays in connection with the shell model [34]. Recently, there
has been a new interest in quantum rigid tops in order to obtain exact solutions of problems,
such as the Stark effect for rigid symmetric molecules [21], or the pseudo SU(3) shell model
in nuclear physics [32].
Tops in magnetic fields coupled to the angular velocity, also called magnetic tops, have been
used in the last years to provide a classical model of spin [2, 6].
The geometrical aspects of the classical rigid body are very well known [30, 10]. Usually the
quantum aspects of this problem are analyzed by taking into account the symmetry group of
the rigid top. This allows us to decompose the Hilbert space of quantum states into isotypical
summands, which simplifies the corresponding eigenvalue problem [14]. However, this study
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is usually carried out in a local way from a geometrical point of view. Therefore, there can be a
loss of global topological information about the system that, sometimes, may lead to incorrect
conclusions.
A suitable method for analyzing these global properties is geometric quantization, see [38].
In this framework there have been partial studies of several problems related to the rigid body,
such as the free top [24], the heavy top [33] and the pseudo-rigid body [13]. However, in these
papers the spectral problem for the Schro¨dinger equation is not treated.
As it is well known, the configuration space of a rigid body with a fixed point is a homo-
geneous space for O(3). From an intrinsic point of view, with respect to the rigid body, the
magnetic fields which are effective for the rigid body are the curvature 2-forms of connections
on U(1) principal fiber bundles on its configuration space. If one wants the effective magnetic
fields to be homogenously constant, then the curvature 2-form must be invariant with respect to
the O(3) action. From an extrinsic point of view the effective fields have to be produced by a field
preserving the rigid constraints. It is easy to see that an effective homogeneous magnetic field
can be produced extrinsically by a magnetic monopole located at the fixed point of the rigid
body, this is the reason for the title of the paper and the starting point of our considerations.
The quantum problem of a particle in a magnetic monopole field has been widely studied
since Dirac introduced it in 1931 [11]. In particular, a geometrical formulation of this problem
in the framework of line bundles can be found for instance in [20] and [40]. One of the aims of
this paper is to extend this problem from a single particle situation to a rigid body formed by
several particles with a rigid constraint and having one point held fixed. That is, a quantum top
in an effective homogeneous magnetic field which can be produced by a magnetic monopole. In
particular if the magnetic monopole strenght is zero we would have a free rigid body. We intend
to give a geometrical formulation of this problem, first at the classical level, in the framework
of symplectic geometry, and then we will use geometric quantization to quantize this system.
In the classical mechanical problem it turns out that there exist, essentially, two possible
configuration spaces, depending on the geometry of the rigid body. In the first case the con-
figuration space is isomorphic to SO(3) and corresponds properly to a top. The second case
corresponds to a rigid rotator and its configuration space is isomorphic to S2. According to
the terminology used in [31], these two cases will be termed non-degenerate and degenerate
respectively.
When we quantize the system using geometric quantization, we see that the degenerate case
has no quantization condition, but presents two non-equivalent quantizations, related to the fact
that the configuration space is not simply connected, exhibiting thus an Aharanov–Bohm like
phenomenon.
The main difference between these two quantizations is that for one of them the eigenvalues
of the total angular momentum are integers whereas for the other they are half-integers. In old
papers and classical text books on quantum mechanics [25, 15], the case of half-integer angular
momentum was rejected on the basis that the wave function had to be single-valued.
This is understandable, since the wave function in this case, as we will see, is not a real
function but a section of a non-trivial line bundle having Z/2 as structural group. Thus, when
this wave function is “converted” into a function by writing it on a trivializing covering for the
line bundle, it behaves as a bi-valued function. Even Casimir [8] in 1931, without the whole
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machinery of line bundles, envisaged the existence of these wave functions, but it seems that
after him nobody has made use of them. Therefore, from a mathematical point of view, the
wave functions of half-integer angular momentum have to be considered on the same footing
as those of integer angular momentum. Indeed, half-integer wave functions are used in nuclear
physics in the pseudo SU(3) shell model, see [32] and references therein.
The quantum Hamiltonian given by geometric quantization for each quantization is the
Bochner Laplacian of the corresponding prequantization line bundle, plus a term in the scalar
curvature, see [36, 39].
The two prequantization line bundles L± → SO(3) become trivial after pullback to the
universal cover p: SU(2) → SO(3). Moreover, the Bochner Laplacians on the line bundles L±
get identified with the Bochner Laplacian of the trivial line bundle on SU(2). This allows us to
reduce the problem of finding eigensections for the Hamiltonian on the line bundles L± to a
problem of eigenfunctions for the ordinary Laplacian on SU(2).
In this way, and using harmonic analysis techniques, the Schro¨dinger equation for the two
quantizations is explicitly solved for a spherical top, and for a symmetric top either when it is
free or in the case that the direction defined by the total magnetic term, which describes the
effective field, is along the symmetry axis. The degeneracy of every eigenvalue is computed.
We also give a method for finding the eigenvalues and eigenfunctions for an asymmetric
top. The Casimir allows us to reduce the problem to a finite-dimensional eigenvalue problem.
Then we may reduce it further with the aid of representation theory of the finite spin group
Spin3 ⊂ Spin(3), also called the quaternion or Dirac group [17, 35], which acts on the solutions
of the Schro¨dinger equation since it leaves the Hamiltonian invariant.
The ordinary spin exact sequence induces the following exact sequence
1 → Z/2 → Spin3 → SO3 → 1.
Thus SO3 is the abelian group formed by the identity and the rotations through π about the
three Cartesian coordinate axes. We will see that the vector space of wave functions of given
integer angular momentum is an SO3-module, whereas that of half-integer angular momentum
is a Spin3-module containing only the spin representation of Spin3. This reveals the fact that
these latter eigenfunctions are not an SO(3)-module but a Spin(3) = SU(2)-module.
Recently, a method that involves infinite-dimensional affine Lie algebras has been applied
to study this problem, see [32]. In that paper the eigenvalues are given in terms of a system of
algebraic equations. However, the lack of an explicit solution of this system implies that only
numerical results can be given.
Another interesting feature of the non-degenerate case is the possible existence of an acci-
dental degeneracy of arithmetical type, which is related to a rational quantization condition of
Dirac type.
The same program is carried out for the rigid rotator (degenerate case). It is quantizable if
it satisfies the Dirac quantization condition. In this case the quantization is unique. Note that
the rigid rotator in a magnetic monopole field has been treated recently in connection with the
Landau problem and quantum Hall effect on Riemann surfaces [12, 27, 28, 29].
The quantum Hamiltonian on the prequantization line bundle L → S2 is again the Bochner
Laplacian plus a term in the scalar curvature. The pullback of a prequantization line bundle L
160 C. Tejero Prieto
to the Hopf fibration π : SU(2) → S2 is the trivial line bundle. Now, the comparison between
the two Bochner Laplacians on the prequantization line bundle and the trivial line bundle is
not as easy as in the non-degenerate case. However, since the Hopf fibration is a Riemannian
submersion, we can apply the techniques of spectral geometry developed for these submersions
that allow to compare the Bochner Laplacians, see [19]. It turns out that the eigenvalue problem
for the Hamiltonian on the prequantization line bundle is equivalent again to an eigenvalue
problem for the ordinary Laplacian on SU(2). This new approach using spectral geometry
for Riemannian submersions allows us to find the solution of the eigenvalue problem without
solving the Jacobi differential equation that appears in the traditional treatment.
Using the same techniques from harmonic analysis as in the non-degenerate case, we are
able to explicitly solve the Schro¨dinger equation and to compute the degeneracy of each eigen-
value. Here we have again the possibility for half-integer angular momentum, unless the Dirac
quantization condition is satisfied for an even integer. In particular, if the magnetic monopole
strength is zero, we recover the familiar result, see [9, 15], that the quantization of the rigid
rotator has only integer angular momentum.
The organization of the paper is as follows: in Sections 2 and 3, we collect some results about
the Hamiltonian formulation of the problem and its quantization, making use of well-known
techniques from symplectic geometry and geometric quantization. Section 4 is devoted to the
computation of the spectrum and eigenfunctions of the non-degenerate rigid body. In Section 5,
the same program is carried out for the degenerate rigid body.
2. Geometric and symplectic aspects of a rigid body in a magnetic monopole field
2.1. Configuration space of the rigid body
In this section we fix all the notation and results needed from the theory of rigid bodies, for
a thoroughly account see [30, 37].
We shall consider the motion of a rigid body having one point held fixed. We consider the rigid
body to be a system of N + 1 particles of masses m0, . . . , m N . The assumption that our system
is a rigid body is expressed by requiring that there exist constants ci j > 0, 0  i < j  N
verifying cik  ci j + c jk , such that, if r0, . . . , rN are the position vectors of m0, . . . , mn , then
‖ri − r j‖ = ci j , with ‖r‖ being the usual Euclidean norm of r ∈ R3. We shall assume that the
particle of mass m0 is fixed at the origin, that is r0 = 0.
Therefore the configuration space Q of our mechanical system can be identified with
Q = {(r1, . . . , rN ) ∈ R3 × · · ·N × R3 / ‖ri − r j ‖ = ci j , ‖ri ‖ = c0i , 1  i < j  N }.
The group O(3) acts transitively on Q in a natural way
O(3) × Q−→
 Q
A, (r1, . . . , rN ) −−→ ( Ar1, . . . , ArN ).
Thus Q is a homogeneous space for O(3), and the type of rigid body is characterized by the
isotropy group Gξ of a point ξ = (ξ1, . . . , ξN ) ∈ Q that we take as a reference configuration
of the system.
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More precisely, the following result is well known:
Proposition 1. 1. Q  S2 if Gξ  O(2) (all the N + 1 particles are in a line).
2. Q  SO(3) if Gξ  Z/2 (all the N + 1 particles are in a plane).
3. Q  O(3) if Gξ  {I } (the N + 1 particles span the whole space).
In the last case, due to continuity reasons we can consider SO(3) instead of O(3). Thus, the
configuration space of our mechanical system will be S2 or SO(3). The first case will be called
degenerate, and the second one non-degenerate, according to the terminology used in [31, 37].
Let us consider on R3N = R3 × · · ·N × R3 the following metric:
g = m1g1 + · · · + m N gN
where gi is the Euclidean metric of the i-th component. The restriction of g to Q is called the
inertia tensor of the rigid body and will be denoted by I.
The Riemannian metric I is clearly invariant under the action of SO(3), this implies, via the
previously mentioned diffeomorphisms, that the metric induced on S2, also denoted by I, is
invariant for the natural action of SO(3); in the same way the induced metric I on SO(3) is
left-invariant.
Let (SO(3), I) be the configuration space for the non-degenerate rigid body. On SO(3) we
have the bi-invariant Riemannian metric gSO(3) = − 12 K SO(3), where K SO(3) is the Killing metric
of SO(3). We can diagonalize I with respect to gSO(3); the eigenvalues {I1, I2, I3} are called the
principal moments of inertia.
We shall say that a rigid body is a symmetric top if it has two principal moments of inertia
equal and that it is a spherical top if I1 = I2 = I3 = I , that is, if I = IgSO(3).
In the degenerate case (S2, I) one has that I = IgS2 where I = m1‖ξ1‖2 + · · · + m N ‖ξN ‖2
and gS2 is the usual Riemannian metric of S2. This case is called a rigid rotator.
2.2. Twisted symplectic structure induced by a magnetic monopole
Let us consider a magnetic monopole of magnetic charge k at rest at the origin of R3. Its
magnetic field is given by the 2-form defined in R3 \ {0}
B = k‖r‖3 ir 3
where 3 is the euclidean volume element. For more details about magnetic monopoles see
[11, 23].
We will suppose that the particles of masses m1, . . . , m N have charges q1, . . . , qN , and we
will denote by Bi the monopole field which acts on the i th particle. Let us note that the monopole
has to be at the origin in order for the Lorentz force to preserve the rigidity constraints of the
system.
The Hamiltonian formulation of the motion of a particle of mass m and charge e in a
magnetic field B on a Riemannian manifold (M, g) is given by the charged symplectic structure
ω2 = dθ + eτ ∗ B on T ∗M , with θ being the Liouville form and τ : T ∗M → M the cotangent
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bundle projection. The Hamiltonian H is given by the squared norm of cotangent vectors
H(ω) = 1
2
‖ω‖2g
m
∀ω ∈ T ∗ M.
In the rigid body system the symplectic form on T ∗Q is
ω2 =
N∑
i=1
(dθi + qi Bi )|T ∗ Q
where θi is the Liouville form of the i-th component. And the Hamiltonian on T ∗Q is
H(ω) = 12 ‖ω‖2I .
Let us introduce the following
Definition 1. Given the reference configuration ξ , the vector
q =
N∑
i=1
qi
ξi
‖ξi ‖
is called the center of charge.
It is easy to see that the total magnetic term F = ∑Ni=1 qi Bi , which is the effective magnetic
field, is a 2-form on Q that is invariant for the O(3) action. This implies that the 2-form FSO(3)
induced on SO(3) is left-invariant; in the same way the 2-form F S2 induced on S2 is invariant
for the natural action of SO(3) on S2.
Note that even if the magnetic monopole field is not zero there can be rigid bodies whose
reference configuration ξ is such that the total magnetic term F is zero. This motivates the
following definition
Definition 2. A rigid body is effectively free if the total magnetic term F is zero.
In order to study the non-degenerate case let us consider a basis B = {D1, D2, D3} of the
lie algebra so(3) such that [Di , D j ] = i j k Dk , with i j k the totally antisymmetric Levi-Civita
tensor. Let B∗ = {ω1, ω2, ω3} be the dual basis of left-invariant forms. Then it is easy to prove
the following
Proposition 2. FSO(3) = k{〈q, u3〉 ω1 ∧ ω2 − 〈q, u2〉 ω1 ∧ ω3 + 〈q, u1〉 ω2 ∧ ω3} where u1,
u2, u3 ∈ R3 are the vectors corresponding to D1, D2, D3 via the natural isomorphism of Lie
algebras so(3)  R3 and 〈· , ·〉 is the euclidean metric of R3. Moreover
FSO(3) = dω
with ω = −k{〈q, u1〉 ω1 + 〈q, u2〉 ω2 + 〈q, u3〉 ω3}.
Remark 1. Using the isomorphism of Lie algebras so(3)  R3 and the metric gSO(3) one can
associate to every left-invariant 1-form on SO(3) a vector of R3. If ∗ is the Hodge star-operator
of gSO(3) then ∗FSO(3) has associated the vector k q that we shall call the direction defined by
the total magnetic term FSO(3).
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In the degenerate case the center of charge can be expressed as q = q n, where n is a unit
vector along the line defined by the reference configuration ξ (the physical results obtained in
this paper will not depend on the choice of orientation for n). Then one has
Proposition 3. Let 2 be the area element of S2, then F S
2 = kq2.
On the other hand, taking into account the above diffeomorphisms the Liouville form of T ∗Q
goes to the Liouville form of T ∗SO(3) and T ∗S2 in the degenerate case and non-degenerate
case, respectively. Therefore we have
Proposition 4. In the non-degenerate case the mechanical system is equivalent to
(
T ∗SO(3), ω2 = d(θ + ω), H
)
.
Proposition 5. In the degenerate case the mechanical system is equivalent to
(
T ∗ S2, ω2 = dθ + kq2, H
)
.
3. Quantum formulation
3.1. Prequantization
A general reference for this section is [38], however in order to fix our notation and for
completeness we must recall some facts from Geometric Quantization.
A symplectic manifold (M, ω2) is said to be quantizable if the cohomology class [ω2/h] is
integral, that is[
ω2
h
]
∈ i(H 2(M, Z)) ⊂ H 2(M, R)
with h the Planck constant.
Definition 3. A complex line bundle π : L → M with an Hermitian metric 〈· , ·〉 and a compati-
ble connection ∇ is called an Hermitian line bundle with connection (L , 〈· , ·〉, ∇). We shall say
that two Hermitian line bundles with connection (L , 〈· , ·〉, ∇), (L ′, 〈· , ·〉′, ∇′) are equivalent
if there exists an isomorphism of line bundles φ: L−−→∼ L ′ such that φ∗∇′ = ∇ and φ∗〈· , ·〉′ =
〈· , ·〉.
Definition 4. Let (M, ω2) be a symplectic manifold. We shall say that a Hermitian line bundle
with connection (L , 〈· , ·〉, ∇) is a prequantization line bundle if
i∇ = ω2

with ∇ the curvature 2-form of the connection ∇ and  = h/2π .
Due to the Chern–Weil theorem a symplectic manifold has prequantization line bundles if
and only if it is quantizable.
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Moreover, the set of equivalence classes of prequantization line bundles of a quantizable
symplectic manifold (M, ω2) is parametrized by H 1(M, S1) which represents the equivalence
classes of flat Hermitian line bundles. The parametrization is as follows, given a prequantization
line bundle L = (L , 〈· , ·〉, ∇) then any other prequantization line bundle L′ = (L ′, 〈· , ·〉′, ∇′)
is obtained by tensoringLwith a flat Hermitian line bundleL0, that isL′ = L⊗L0. This means
that the bundle L ′ = L ⊗ L0 has the Hermitian metric and connection obtained by tensoring
out the ones in L and L0.
Therefore, when the symplectic manifold M is not simply connected the quantization of
a manifold, if it exists, is not unique and the different quantizations are parametrized by
H 1(M, S1) whose elements are also known as Aharanov–Bohm potentials [1, 38].
In the particular case of a particle in a magnetic field B on a manifold M the symplectic
manifold is (T ∗M, ω2 = dθ + eτ ∗ B). This manifold is quantizable if[
ω2
h
]
=
[ dθ + eτ ∗ B
h
]
=
[
eτ ∗ B
h
]
is an integral cohomology class. Therefore
[
ω2
h
]
= τ ∗
[
eB
h
]
where the right-hand side denotes the pullback of the cohomology class [eB/h] from M to T ∗M .
Thus the quantization condition is satisfied if and only if [eB/h] is an integral cohomology
class in H 2(M,R).
This implies that every prequantization line bundle L′ = (L ′, 〈· , ·〉′, ∇′) on T ∗M is equiva-
lent to the pullback of an Hermitian line bundle with connection L = (L , 〈· , ·〉, ∇) on M such
that i∇ = ω2/. For this reason these latter bundles are also called prequantization line bun-
dles and from now on, unless otherwise stated, they will be the only prequantization line bundles
that we will use. In the same way H 1(M, S1) parametrizes the different possible quantizations.
In the case of the rigid body one has
Lemma 1. The symplectic manifold of the non-degenerate rigid body (T ∗SO(3), ω2) is quan-
tizable but there are two inequivalent quantizations.
Proof. [ω2/h] = [d(θ + ω)/h] = 0 hence it is integral. The second assertion follows since
H 1(SO(3), S1) = Z/2. 
Since the quantization of the non-degenerate rigid body is not unique let us take a look at the
possible prequantization line bundles. As we have said, to obtain the different prequantization
line bundles we have to take any prequantization line bundle L• = (L•, 〈· , ·〉•, ∇•) and then
tensor it with all the flat bundles.
In our case we can take for L• the trivial line bundle L• = SO(3) × C with 〈· , ·〉• the
Hermitian metric induced by the standard one of C and with connection ∇• = d − i(ω/).
The flat line bundles are bundles associated with the universal covering and the uni-
tary characters of the fundamental group. The universal covering of SO(3) is the projection
p: SU(2) → SO(3), the fundamental group is π1(SO(3)) = Z/2 and therefore the group of
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unitary characters π1(SO(3))∨  Z/2 = {χ+, χ−} with χ+ being the trivial character and χ−
the non-trivial one.
Hence the two flat bundles are
L0± =
(
L0± = SU(2) ×χ± C, 〈· , ·〉0±, ∇0±
)
.
Thus the two inequivalent prequantization line bundles are
L± = (L±, 〈· , ·〉±, ∇± ) = L• ⊗ L0±.
Lemma 2. The symplectic manifold of the degenerate rigid body (T ∗S2, ω2) is quantizable if
and only 2(kq/) ∈ Z (Dirac’s quantization condition) and the quantization is unique.
Proof. [ω2/h] is integral if and only if [kq2/h] integral on S2. This is so if the evaluation on
the fundamental class [S2] is an integer. But
[ kq2
h
]
[S2 ] =
∫
S2
kq2
h
= kq
h
4π = 2 kq

.
The quantization is unique since S2 is simply connected. 
3.2. Quantization
In what follows we will deal with the quantization of these systems. The general case of
a particle in a magnetic field B on a Riemannian manifold has been treated in the geometric
quantization framework by J. ´Sniatycki [36] and more recently by Y. Wu [39]. The central
result is the following:
Proposition 6. Given the symplectic manifold (T ∗M, ω2 = dθ + eτ ∗ B), let us suppose that it
is quantizable and let L = (L , 〈· , ·〉, ∇) be any prequantization line bundle. The hamiltonian
H(ω) = 12((‖ω‖2g)/m) can be quantized in the vertical polarization by using the BKS method.
It turns out that its quantization is the Schro¨dinger operator
Hˆ = 
2
2m
(∇∗∇ + 16 R)
where ∇∗∇ is the Bochner Laplacian of L and R is the scalar curvature of the Riemannian
metric g.
Remark 2. Hence Hˆ acts on the Hilbert space L2(M, L) which is the completion of (M, L)
in the norm ‖s‖ = ∫M〈s, s〉volg.
In our case the Riemannian manifold is (Q, I) and remembering that the contribution coming
from the masses is already included in the inertia tensor, the expression for the Schro¨dinger
operator is
Hˆ = 12 2
(∇∗∇ + 16 R)
and R is the scalar curvature of I.
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Now we need to compute the scalar curvature of the inertia tensor I. We start first with the
non-degenerate case; it is easy to see that the base B of left-invariant vector fields defined on
Section 2.2 is orthonormal with respect to gSO(3) and this implies that
I = I1ω1 ⊗ ω1 + I2ω2 ⊗ ω2 + I3ω3 ⊗ ω3.
With this in mind one can prove, after an easy but tedious computation, the following
Lemma 3. Let (SO(3), I) be the Riemannian manifold of the non-degenerate rigid body. Its
scalar curvature is constant and given by
R = 1
I1
+ 1
I2
+ 1
I3
− 1
2
I 21 + I 22 + I 23
I1 I2 I3
.
In the same way one can prove
Lemma 4. Let (S2, I = IgS2) be the Riemannian manifold of the degenerate rigid body. Its
scalar curvature is constant and given by
R = 2
I
.
The time independent Schro¨dinger equation is the eigenvalue equation for the Schro¨dinger
operator, that is
Hˆs = Es.
Taking into account that Hˆ is an elliptic operator on a compact manifold we know that it has
a discrete spectral resolution {sn, En} [18]. The aim of the next sections is exactly to compute
this spectral resolution. For this we will use techniques from harmonic analysis and spectral
geometry.
4. Computation of the spectrum of Hˆ: non-degenerate case
As we have seen, in the non-degenerate case we have two prequantization line bundles
L± = (L±, 〈· , ·〉±, ∇± )
corresponding to the two Schro¨dinger operators Hˆ±.
By the very construction of these line bundles we have that their pullbacks p∗L± to SU(2)
are the trivial line bundle L = SU(2) × C = p∗L± equipped with the Hermitian metric 〈· , ·〉
inherited from the standard one of C and with the connection ∇ = d − (i/) p∗ω; let us define
ω = p∗ω. Thus we have p∗L± = L = (L, 〈· , ·〉, ∇).
Moreover, since L± are associated bundles their sections get identified with the equivariant
sections, more precisely
(SO(3), L± ) = (SU(2), L )χ± .
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Let gSU(2) = − 12 K SU(2) where K SU(2) is the Killing metric of SU(2). Since su(2)  so(3)
we have that (SU(2), gSU(2)) is the universal Riemannian covering of (SO(3), gSO(3)).
Having in mind all these facts the operators Hˆ± acting on (SO(3), L±) get identified with
a unique operator H acting on (SU(2), L)χ± , more precisely
H = 12 2
(∇ ∗ ∇ + 16 R).
Since the Lie algebras are isomorphic we will denote by B = {D1, D2, D3} the basis of
left-invariant vector fields of SU(2) corresponding to the basis B of left invariant vector fields
of SO(3) defined in Section 2.2. In the same way B∗ = {ω1, ω2, ω3} will denote the basis of
left-invariant forms of SU(2) corresponding to B∗.
Lemma 5. H = 122(−
∑3
i=1((∇Di ◦ ∇Di )/Ii ) + 16 R).
Proof. Take into account that Di/
√
I i is an orthonormal basis for I, and that the vector fields Di
are auto-parallel for the Levi-Civita connection associated with I. Now plug all this information
in the general expression for the Bochner Laplacian in an orthonormal basis. 
On the other hand to every left-invariant vector field D ∈ su(2) we can associate an operator
Q(D) ∈ O(L2(SU(2), L)) whose action on the sections of the line bundle L is given by Q(D) =
∇D + (i/) ω(D). For the relationship between these operators and the usual prequantization
operators of functions on the cotangent bundle see [29].
Proposition 7. Q: su(2) → O(L2(SU(2), L)) is a Lie algebra morphism.
Proof. It is a straightforward computation taking into account that ω is a left-invariant form
on SU(2). 
Lemma 6. The Casimir for the representation Q is given by
C = −
3∑
i=1
(
∇ Di ◦ ∇ Di + 2
i

ω( D i ) ∇ Di −
ω(Di )2
2
)
.
Proof. It is a straightforward computation taking into account that the basisB = {D1, D2, D3}
is orthonormal for gSU(2) and that in this basis
C = −(Q( D 1 ) ◦ Q( D 1 ) + Q( D 2 ) ◦ Q( D 2 ) + Q( D 3 ) ◦ Q( D 3 )). 
Remark 3. The operator 2C induces on each bundle L± the corresponding square angular
momentum operator.
4.1. The spherical top
In this section we will assume that the rigid body is a spherical top. We will denote by
D = ω ( D i ) D i = ω 
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the dual vector field of the 1-form ω with respect to the Riemannian metric I. Then we have
the following
Proposition 8.
H = 
2
2I
C + i∇ D −
1
2
‖ω‖2I +
2
8I
.
Proof. Just take into account the expressions for H and C given above and that in this case
R = 3/2I . 
Since the line bundle L is trivial we can take a trivializing section s0 such that ∇s0 =
ω/i ⊗ s0; then an arbitrary section s is of the form s = f s0 with f ∈ C∞(SU(2),C). Thus
the operators C , H acting on (SU(2), L) get identified with operators C˜ and H˜ , respectively,
acting on C∞(SU(2),C), more precisely a straightforward computation gives us
Proposition 9.
C˜ = −( D 21 + D 22 + D 23 )
H˜ = 
2
2I
C˜ + i D + 1
2
‖ω‖2I +
2
8I
.
Remark 4. It is important to point out that the Casimir C˜ commutes with D since C˜ commutes
with every left-invariant vector field. Therefore we can find eigenfunctions common to both
of them. Thus the problem of finding the spectrum of H˜ can be carried out in two steps, first
determine the eigenfunctions for C˜ , second find in the eigenspaces of C˜ eigenfunctions for D.
Since the rigid body is a spherical top we can choose our basis of left-invariant vector fields,
without loss of generality, in a way such that ω = −k‖q‖ω1. Thus its dual vector field is
D = −k(‖q‖/I ) D1 and the Hamiltonian is written
H˜ = 
2
2I
C˜ − ik ‖q‖
I
D 1 +
1
2
k2‖q‖2
I
+ 
2
8I
.
The key points for determining the spectrum of C˜ are the identification of SU(2) with the
sphere S3 ⊂ H of quaternions of norm 1 and the following lemma which relates the SU(2)
Casimir and the Laplacian on H  R4.
Lemma 7. Given a function f inR4 we will denote by f |S3 its restriction to S3. Then we have
C˜( f |S3 ) = 14 (R
4 f )|S3 + ( 14 L(L + 2) f )|S3
where R4 is the usual Laplacian and L is the radial vector field on R4.
Using the relationship between the Laplacians on R4 and S3 given in [3], we have that
C˜ = 14S
3
.
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Let Hn be the vector space of complex homogeneous polynomial functions of degree n on
R4 that are harmonic. The restriction from R4 to S3 gives an isomorphism ofHn with a vector
subspace H˜n of C∞(S3,C).
Proposition 10. The spectrum of C˜ is the set
Sp
(
C˜
) = {λn = 14 n(n + 2) ∀n ∈ Z, n  0}
and the eigenspace associated with λn is H˜n. Thus, the multiplicity of the eigenvalue λn is
m(λn) = dimCHn = (n + 1)2.
Proof. From the preceding lemma it is clear that every element of H˜n is an eigenfunction with
eigenvalue λn , therefore we have to show only that these eigenfunctions are a complete system,
the details can be found in [3]. 
In other words, we have a finite-dimensional representation of su(2) on H˜n such that the
Casimir C˜ takes a constant value on it, therefore this representation is isomorphic to a direct
sum of the same irreducible representation Vn [7]
H˜n  Vn ⊕ · · · ⊕ Vn .
The irreducible representation Vn is precisely the one for which the Casimir takes the value λn .
Since dimC Vn = n + 1 we conclude that H˜n  (n + 1)Vn .
This is the general theory, but in our case we can say much more and we are able to identify
explicitly the irreducible component of H˜n .
In order to do this we recall that the quaternions H give a complex structure to R4 in the
following way
H = C⊕ C j.
The complex coordinates are z1 = x1 + i x2, z2 = x3 + i x4. With this complex structure the
ring of complex polynomial functions onR4 is identified with the ringC[z1, z2, z¯1, z¯2]. This ring
carries a natural gradation
C[z1, z2, z¯1, z¯2 ] =
⊕
p0,q0
S p,q
where S p,q is the space of polynomials of degree p in {z1, z2} and degree q in {z¯1, z¯2}. With
respect to this gradation we have
Hn =
⊕
p+q=n
Hp,q .
Theorem 1. Every H˜p,q is an irreducible representation isomorphic to Vp+q . Moreover, every
H˜p,q decomposes as a direct sum of one dimensional subspaces
H˜p,q =
⊕
−((p+q)/2)l(p+q)/2
H˜
p,q
l
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such that i D1 is constant on H˜
p,q
l with eigenvalue l. Therefore the multiplicity of the eigenvalue l
in H˜n is m(l) = n + 1.
Proof. There are several ways to see that the H˜p,q are irreducible, one possibility is to recognize
that these representations arise as matrix elements of the irreducible representations of SU(2)
and then take into account the Peter–Weyl theorem [16]. Since H˜p,q is irreducible and of
dimension p + q + 1 it is isomorphic to Vp+q [7].
The second part of the theorem follows trivially since it is true for Vp+q .
The last assertion follows immediately just by taking into account that H˜n  (n + 1)Vn .

It is usual in the representation theory of SU(2) to introduce for the irreducible representation
Vn the parameter j = 12 n ∈ 12Z and then relabel the representation as Vj . With these conventions
we have
Theorem 2. The spectrum of H˜ is the set
Sp( H˜ ) =
{
E j,l =
2
2I
j( j + 1) − k ‖q‖
I
l + k2 ‖q‖
2
2I
+ 
2
8I
∀ j, l ∈ 12 Z, j  0, − j  l  j
}
.
Some care has to be taken for determining the multiplicities and the eigenspaces associated
with each eigenvalue, the problem is that it may happen that E j,l = E j ′,l ′ for ( j, l) &= ( j ′, l ′);
in this case the multiplicity would be the sum m(l) + m(l ′) of the multiplicities of l, l ′. By the
same reason the eigenspace associated with E j,l = E j ′,l ′ would be⊕
p+q=2 j
H˜
p,q
l ⊕
⊕
p′+q ′=2 j ′
H˜
p′,q ′
l ′ ;
similar results hold in the case that there are more than two couples ( j, l) with the same E( j,l).
This phenomenon can be thought of as a type of accidental degeneracy with an arithmetical
origin since it depends on arithmetical properties. The detailed analysis of the conditions under
which there is no arithmetical degeneracy will be developed elsewhere, however it is easy to
see that
Proposition 11. The arithmetical degeneracy is finite. If (2k‖q‖)/ /∈ Q then there is no
arithmetical degeneracy.
However, there are examples with (2k‖q‖)/ ∈ Q that exhibit arithmetical degeneracy.
In what follows we assume that there is no arithmetical degeneracy.
Corollary 1. If k‖q‖ &= 0, then the eigenspace associated with E j,l is H˜ j,l =
⊕
p+q=2 j H˜
p,q
l .
Thus, the multiplicity of E j,l is m(E j,l) = 2 j + 1.
In the case of zero magnetic term (k‖q‖ = 0), that is for a effectively free rigid body, there
is no arithmetical degeneracy and we have the following
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Theorem 3. If k‖q‖ = 0, then the spectrum of H˜ is the set
Sp( H˜ ) =
{
E j =
2
2I
j( j + 1) + 
2
8I
∀ j ∈ 12 Z, j  0
}
and the eigenspace associated with E j is H˜2 j . Thus, the multiplicity of the eigenvalue E j is
m(E j ) = dimCH2 j = (2 j + 1)2.
Now that we have calculated the spectrum of H˜ we can calculate the spectrum of Hˆ± acting
on (SO(3), L±), for this we only have to remember that
(SO(3), L± ) = (SU(2), L )χ± = C∞(SU(2), C)χ± .
Thus
(SO(3), L± ) = C∞(SU(2), C)χ± = { f ∈ C∞(SU(2))/ f (−x ) = ± f (x )}.
Therefore we have
Theorem 4. If k‖q‖ &= 0, then the spectrum of Hˆ+ on (SO(3), L+) is the set
Sp( Hˆ+ ) =
{
E j,l =
2
2I
j( j + 1) − k ‖q‖
I
l + k2 ‖q‖
2
2I
+ 
2
8I
∀ j, l ∈ Z, j  0, − j  l  j
}
and the eigenspace associated with E j,l is H˜ j,l . Thus, the multiplicity of the eigenvalue E j,l is
m(E j,l) = 2 j + 1.
Proof. Let us take P ∈ H˜2 j , then it is a section of L+ if P(−x) = P(x) but since P(x) is
homogeneous of degree 2 j we have P(−x) = (−1)2 j P(x). Therefore 2 j is even, that is, j
is an integer. 
Theorem 5. If k‖q‖ &= 0, then the spectrum of Hˆ− on (SO(3), L−) is the set
Sp( Hˆ− ) =
{
E j,l =
2
2I
j( j + 1) − k ‖q‖
I
l + k2 ‖q‖
2
2I
+ 
2
8I
∀ j, l ∈ 12 Z, 2 j odd, j  0, − j  l  j
}
and the eigenspace associated with E j,l is H˜ j,l . Thus, the multiplicity of the eigenvalue E j,l is
m(E j,l) = 2 j + 1.
Proof. Let us take P ∈ H˜2 j , then it is a section of L− if P(−x) = −P(x) but since P(x) is
homogeneous of degree 2 j we have P(−x) = (−1)2 j P(x). Therefore 2 j is odd. 
In the same way for a effectively free rigid body we have
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Theorem 6. If k‖q‖ = 0, then the spectrum of Hˆ+ on (SO(3), L+) for the free rigid body is
the set
Sp( Hˆ+ ) =
{
E j =
2
2I
j( j + 1) + 
2
8I
∀ j ∈ Z, j  0
}
and the eigenspace associated with E j is H˜2 j . Thus, the multiplicity of the eigenvalue E j is
m(E j ) = dimCH2 j = (2 j + 1)2.
Theorem 7. If k‖q‖ = 0, then the spectrum of Hˆ− on (SO(3), L−) for the free rigid body is
the set
Sp(H− ) =
{
E j =
2
2I
j( j + 1) + 
2
8I
∀ j ∈ 12 Z, 2 j odd, j  0
}
and the eigenspace associated with E j is H˜2 j . Thus, the multiplicity of the eigenvalue E j is
m(E j ) = dimCH2 j = (2 j + 1)2.
4.2. Symmetric top
The ideas developed so far for the spherical top can be easily adapted to cover also the
case of a symmetric top for which the direction defined by the total magnetic field is along its
symmetry axis. Let us consider a symmetric top with I2 = I3 = I ; then
R = 2
I
− 1
2
I1
I 2
.
With the same notation as in Lemma 5 in page 167 we have the following expression for the
operator H
Lemma 8. H = (2/2)[−(1/I1 − 1/I ) ∇D1 ◦ ∇D1 − (1/I )
∑3
i=1 ∇Di ◦ ∇Di + R/6].
Now we have the analogue of Proposition 9 of page 168.
Proposition 12.
C˜ = −( D 21 + D 23 + D 23 )
H˜ = 
2
2I
C˜ − 
2
2
( 1
I1
− 1
I
)
D 1 ◦ D 1 + i D + 12 ‖ω‖2I +
2
12
R.
Since C˜ commutes with D1 ◦ D1 and D we can give explicitly the eigenfunctions of H˜ if
D1 ◦ D1 commutes with D; in that case D has to be proportional to D1. Therefore we can
write ω = −k‖q‖ω1 or what amounts to the same, the direction defined by the magnetic field
is along the symmetry axis of the rigid body, D1.
In this case the Hamiltonian is
H˜ = 
2
2I
C˜ − 
2
2
( 1
I1
− 1
I
)
D 1 ◦ D 1 − ik
‖q‖
I1
D 1 +
1
2
k2‖q‖2
I1
+ 
2
12
R.
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Hence we can find its spectrum in the same way as we did before
Theorem 8. The spectrum of H˜ is the set
Sp
(
H˜
) =
{
E j,l =
2
2I
j( j + 1) + 
2
2
( 1
I1
− 1
I
)
l2 − k ‖q‖
I1
l + k2 ‖q‖
2
2I1
+ 
2
12
R
∀ j, l ∈ 12 Z, j  0, − j  l  j
}
.
In this case there can be also an arithmetical degeneracy. However, its study is more involved
than in the spherical top case. The arithmetical degeneracy in this case is related to the repre-
sentability of an integer by a quadratic form. If I − I1 > 0 we have a definite quadratic form,
whereas if I − I1 < 0 it is indefinite and we are led to the study of a Fermat–Pell equation
from number theory [26]. The complete details will be given elsewhere but one can prove the
following
Proposition 13. The arithmetical degeneracy is finite. If (2k‖q‖)/ /∈ Q then there is no
arithmetical degeneracy.
From this spectrum one can compute the spectrum of Hˆ± as we did for the spherical top
and one concludes, assuming that there is no arithmetical degeneracy, that the multiplicity is
m(E j,l) = 2 j + 1. The eigenfunctions associated to the eigenvalue E j,l are the same as the
eigenfunctions of eigenvalue E j,l in Theorems 4 and 5.
In the effectively free situation there are some qualitative differences between the spherical
and symmetric tops. For example, the eigenvalues for a symmetric top are
E j,l =
2
2I
j( j + 1) + 
2
2
( 1
I1
− 1
I
)
l2 + 
2
12
R
therefore if I1/(I − I1) ∈ Q there can be an arithmetical degeneracy, this could not happen for
the free spherical top. More important is to remark the fact that, even if there is no arithmetical
degeneracy, the eigenspace associated with E j,l is H˜ j,l ⊕ H˜ j,−l . Thus, the multiplicity of E j,l
is m(E j,l) = 2(2 j + 1), this reflects the fact that the Hamiltonian is invariant under a reflexion
in a plane through the axis of symmetry of the symmetric top.
4.3. Asymmetric top
In the case of an asymmetric top, that is with all three principal moments of inertia different,
we can give a method for computing the eigenvalues and the eigenfunctions of the Hamilton-
ian H˜ . Since the Casimir C˜ still commutes with H˜ we can find simultaneous eigenfunctions
of C˜ and H˜ . Moreover, since every subspace of eigenfunctions of C˜ is invariant under H˜ ,
we can restrict ourselves to one of them, say H˜2 j =
⊕
p+q=2 j H˜
p,q
, we denote by H˜2 j the
restriction of H˜ to it. However a further reduction to H˜p,q can be made since it is also invariant
under H˜ , we denote by H˜p,q the restriction of the Hamiltonian to this subspace. Thus we may
restrict to it and denote by H˜p,q the restriction of the Hamiltonian to this subspace. As we have
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proved in Theorem 1 all the H˜p,q , with p + q = 2 j , are isomorphic SU(2)-modules, in fact
one has
Proposition 14. If p + q = p′ + q ′ then there exists an SU(2)-module isomorphism
φ
p′,q ′
p,q : H˜
p,q → H˜p′,q ′
such that
φ
p′,q ′
p,q ◦ H˜p,q = H˜p′,q ′ ◦ φ p
′,q ′
p,q .
Thus the eigenvalue problem for H˜p,q solves completely the eigenvalue problem for H˜2 j=p+q .
In particular the multiplicity of an eigenvalue of H˜2 j is 2 j + 1 times its multiplicity as an
eigenvalue of H˜p,q .
Proof. The isomorphism φ p
′,q ′
p,q : H˜
p,q → H˜p′,q ′ is provided by the Peter–Weyl theorem,
see [16], and a straightforward computation proves that it intertwines H˜p,q and H˜p′,q ′ . 
Since H˜p,q is a finite-dimensional space of dimension 2 j + 1, the problem of finding the
eigenvalues of H˜p,q is reduced to finding the roots of its characteristic polynomial which is a
polynomial of degree 2 j + 1.
This problem can be further simplified by considering the finite spin group Spin3 = 〈±1,
±i, ± j, ±k〉, [17, 35]. Remember that Spin3 is generated by i, j therefore its characters are
determined by their value on these generators. It turns out that there are four one-dimensional
representations V++, V+−, V−+, V−− corresponding to the characters χ++, χ+−, χ−+, χ−−,
where χαβ(i) = α · 1 and χαβ( j) = β · 1; notice that these representations induce all the
irreducible representations of the finite group SO3. There is only one more irreducible repre-
sentation V 1
2
of Spin3, which is called the spin representation and it is two-dimensional.
Theorem 9. Spin3 acts on H˜p,q and leaves H˜p,q invariant. Let j = (p + q)/2, the decompo-
sition of H˜p,q into isotypical summands is as follows
(1) If j is integer
H˜p,q = 14 (2 j + 1 + 3(−1) j )V++ + 14 (2 j + 1 − (−1) j )(V+− + V+− + V−− ).
(2) If j is half-integer
H˜p,q = 12 (2 j + 1)V 12 .
Proof. Spin3 is included in Spin(3) = SU(2) therefore it acts in a natural way on H˜p,q , the
invariance of H˜p,q follows by a straightforward computation.
For the second part let us remember that H˜p,q = Vj , thus the character χVj is given by the
Weyl character formula [7] which in this case reads
χVj (±1) = (±)2 j (2 j + 1) ,
χVj (±i ) = χVj (± j ) = χVj (±k ) = cos jπ.
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The multiplicity of each irreducible representation in the decomposition follows easily from
the well-known character theory for finite groups. 
In the same way as in previous sections we consider now the operator Hˆ+p,q on the vector
bundle L+ ( j = 12(p+q) integer), and the operator Hˆ−p,q on the vector bundle L+ ( j = 12(p+q)
half-integer). The Schur Lemma implies that Hˆ±p,q leaves every isotypical summand invariant.
Hence we can restrict ourselves to one of them, reducing thus the dimension of the vector space.
One concludes by solving the corresponding finite-dimensional eigenvalue problem.
Remark 5. In the case of half-integer j there is only one isotypical summand which is an
Spin(3) = SU(2)-module but not an SO(3)-module, revealing the relationship between these
eigenfunctions and spinors.
5. Computation of the spectrum of Hˆ: degenerate case
As we have seen, the degenerate case is equivalent to the motion of a particle in a sphere
with a magnetic field proportional to the area element of the sphere, see Proposition 3. This
problem has been treated in the literature recently in connection with the Landau problem and
Hall effect on Riemann surfaces [12, 27–29].
However, in this section we will attack it from a new and different point of view from the
existing ones. We will reduce the problem to a trivial bundle by using the theory of Riemannian
submersions. The techniques developed in the previous section will allow us to compute explic-
itly all the eigenfunctions without solving the usual Jacobi differential equation that appears in
the traditional treatment of this problem.
As we have seen in Lemma 2, (T ∗S2, ω2) is quantizable if and only if 2kq/ ∈ Z. On the
other hand let L = (L , 〈· , ·〉, ∇) be a prequantization line bundle on S2. The first Chern class
c1(L) ∈ H 2(S2,Z) of L is represented by the cohomology class [i(∇/2π)], but since L is a
prequantization line bundle we have
c1(L ) =
ω2
h
= kq
h
2
thus the first Chern number of L is cn1 = [c1(L)][S2] = 2kq/.
Since H 2(S2,Z) = Z and S2 is simply connected, for representing all prequantization line
bundles we have to construct for every integer a line bundle having it as first Chern number.
In order to do this remember that the Hopf fibration π : SU(2) → S2 is a U (1) principal fiber
bundle whose associated line bundle is the tautological line bundle with first Chern number
equal to 1. Moreover, since H 2(SU(2),Z) = 0, the pullback of any line bundle L → S2 to
SU(2) is the trivial line bundle. Therefore every line bundle on S2 can be obtained as a quotient
of the trivial line bundle on SU(2).
More precisely,
Lemma 9. Let us consider the group of unitary characters of U (1)
U (1)∨ = {χn : U(1) → U(1)/χn(z) = zn }.
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The associated bundle Ln = SU(2) ×χn C has the first Chern number cn1(Ln) = n, and it
has an Hermitian connection ∇n with respect to the Hermitian metric 〈· , ·〉n , coming from the
standard one of the trivial bundle. The curvature of ∇n is ∇n = (n/2)2.
We will denote by Ln this prequantization line bundle. Thus, Ln = (Ln, 〈· , ·〉n, ∇n) is the
prequantization line bundle that we were looking for.
The Schro¨dinger operator for the prequantization line bundle Ln will be denoted by Hˆn ,
since in this case R = 2/I we have
Hˆn =
2
2
(
∇n ∗∇n +
1
3I
)
.
The action of SO(3) on the symplectic manifold (S2, (n/2) 2) admits an equivariant
moment map, see [30], J : S2 → so(3)∗ such that for every A ∈ so(3)
J (x )( A) =  12 n〈x , A〉
where we use the identification so(3)  R3 and 〈· , ·〉 is the usual Euclidean metric of R3. We
define on S2 the function JˆA(x) = (n/2)〈x, A〉.
Now we can prove by an easy computation the following
Proposition 15. Given A ∈ so(3) we will denote by A∗ its fundamental vector field. Let
Q(A) = (∇n)A∗ + (i/) JˆA which acts on (S2, Ln). Then
Q: so(3) → O(L2(S2, Ln ))
is a Lie algebra morphism.
We will denote by
Cn = −
(Q(D1 ) ◦ Q(D1 ) + Q(D2 ) ◦ Q(D2 ) + Q(D3 ) ◦ Q(D3 ))
the Casimir of this action. Now we will follow the same strategy as in the non-degenerate case,
i.e., since Ln is an associated bundle we have
(S2, Ln ) = (SU(2), π∗ Ln )χn = C∞(SU(2), C)χn .
This allows us to identify Hˆn and Cn with operators H˜n and C˜n , respectively, acting on
C∞(SU(2),C).
Some care has to be taken here; in the preceding section the projection p: SU(2) → SO(3)
was the universal covering, thus a local diffeomorphism, and this allowed us to identify the
two Bochner operators. These conditions no longer hold for the projection π : SU(2) → S2, but
it turns out that this projection is a Riemannian submersion from (SU(2), IgSU(2)) to (S2, I).
Therefore we can apply the techniques from Riemannian submersion theory to compare the
Bochner Laplacians, see [19].
Concretely one has
Theorem 10. Let us denote by ∇n the pullback connection on the trivial line bundle over
SU(2) induced by the connection ∇n on Ln and let π∗: (S2, Ln) → C∞(SU(2),C) be the
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natural map induced by pull back. Then
∇ n ∗ ∇ n ◦ π∗ = π∗ ◦ ∇n ∗∇n
that is H˜n = ∇n∗∇n.
Proof. Since π : SU(2) → S2 is a principal bundle it fibers are totally geodesic. Thus the
mean curvature tensor of the fibers is zero, but this tensor measures the obstruction for the
pullback to intertwine the two Bochner Laplacians; for the details see [19, Lemma 1.2.4 and
Theorem 3.3.1]. 
In the same way one proves that the Casimir for the SU(2) action on C∞(SU(2),C) is
C˜n = −( D 21 + D 22 + D 23 )
with the same notation as in the previous sections.
With this information at hand the computations are, more or less similar to the ones carried
out for the non-degenerate rigid body in the non-degenerate case, therefore we will not express
all the details.
The relationship between the Schro¨dinger operator and the Casimir is given by
Proposition 16. H˜n = (2/2I )(C˜n − 14 n2 + 13).
Lemma 10. For every f ∈ C∞(SU(2),C)χn one has
i D 1 f = 12 n f.
Proof. Since f ∈ C∞(SU(2),C)χn we have that for every z ∈ U (1) f (xz) = z−n f (x) but
this condition infinitesimally is the required equation. 
Proposition 17. The eigenfunctions of Hˆn get identified with the functions f ∈ C∞(SU(2),C)
verifying simultaneously
C˜n f = j( j + 1) f , i D 1 f = 12 n f.
Remark 6. If f satisfies these two equations, then f ∈ H˜ j,l=n/2 for some j with the only
condition that − j  12 n  j . Therefore we can write j = | 12 n| + r for some r ∈ Z, r  0.
Summing up we have
Theorem 11. The spectrum of Hˆn on (S2, Ln) is the set
Sp( Hˆn ) =
{
Er =
2
2I
(|n|(r + 12 ) + r(r + 1) + 13 ) ∀r ∈ Z, r  0
}
and the eigenspace associated with Er is H˜|l|+r,n/2. Thus, the multiplicity of the eigenvalue Er
is m(Er ) = dimC H˜|l|+r,n/2 = 2r + |n| + 1.
Remark 7. In the case of a free rigid rotator we have n = 0. Therefore j = r is an integer
which coincides with the result found in quantum mechanics, see [9, 15].
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